Delamination growth in compressively loaded composite laminates was studied analytically and experimentally. The configuration used in the study was a laminate with an across-the-width delamination. An approximate superposition stress analysis was developed to quantify the effects of various geometric, material, and load parameters on mode I and mode II strain energy release rates GI and GII , respectively. Calculated values of GI and GII were then compared with measured cyclic delaminatlon growth rates to determine the relative importance of GI and GII. High growth rates were observed only when GI was large. However, slow growth was observed even when GI was negligibly small. This growth apparently was due to a large value of GII.
INTRODUCTION
In composite structures subjected to compression loads, delaminatlons can cause localized buckling ( fig. i) . High interlamlnar stresses at the edges of the buckled region often lead to cyclic delamination growth (herein referred to as instability-related delamination growth).
The objective of this paper is to investigate the mechanism of instabilityrelated delamination growth. Figure i shows the configuration used in the study--a laminate with a "through-wldth" delamination. This configuration was selected because it is perhaps the simplest configuration that exhibits instability-related delamination growth. Goals of the investigation were:
(i) to develop and use an approximate superposition stress analysis to explain how various geometric, material, and load parameters affect interlaminar stresses, (2) to determine the delamination growth behaviors predicted by several different criteria based on strain energy release rates, and (3) to compare analytical calculations with experimental observations to determine the applicability of each growth criterion.
Because of the stress singularity at the end of the delamination (crack tip), calculated stresses there have little meaning. Strain energy release rates are finite parameters which characterize the intensity of the stresses near the crack tip. Consequently, in the following discussion strain-energy release rates will be used to characterize the severity of the interlaminar stresses. 
ANALYSIS
The configuration shown in figure 1 was idealized as a two dimensional plane strain problem. Linear and nonlinear finite element analyses and an approximate superposltion analysis were used to calculate strain energy release rates for the two dimensional idealization. The nonlinear analysis was used to provide reference solutions for evaluation of the approximate superposition analysis.
The linear analysis was used to calculate several constants used in the approximate superposition analysis. The nonlinear analysis is described in reference 2, and the linear analysis is simply a linear version of this analysis.
The approximate superpositlon analysis, the procedure for calculating strain energy release rates, the finite element models, and material properties are discussed in the following sections.
Approximate Superposition Analysis
Superposition techniques have been widely used in linear stress analysis to represent a complicated problem as a combination of several simpler problems.
Application of the principle of superposition to nonlinear problems first requires a transformation that results in a linear system.
The key to the transformation is replacement of the source of nonlinearity with equivalent loads ( fig. 2a and b) . Because of symmetry only half of the configuration is considered. The buckled region (which responds nonlinearly due to significant rotations) is replaced by the loads PD and M, the axial load and moment respectively in the column where it is cut ( fig. 2b) . The new configuration is linear, with three nonlinearly related applied loads PT, PD' and M. By superposition the number of loads can be reduced to two, as illustrated in figures 2c -2e.
The load system in figure 2c is divided into the two load systems shown in figures 2d and 2e. Because PC is calculatedusing rule of mixtures, the load system in figure 2e causes a uniform axial strain state and no interlaminar stresses. Consequently,in terms of Interlamlnarstresses,only the load system in figure 2d (ie. (Pc-PD)and M) need be considered. Accordingly, in the currentstudy involvingstrain energy release rates, figure 2d is the llnearizedequivalentof the nonlinearproblem in figure 2a .
The appendix describesa strengthof materials analysis for calculating 2 ) is much thicker than region C, the unit load solutions are very insensitive to delamination length. In the current study the ratio of thicknesses was 61 to S. Hence, the unit load solutions for 2a = 25 mmwere used for analysing all delaminatlon lengths. Also initial waviness of the buckled region does not enter into the finite element analysis.
Delamlnatlon length and initial waviness were both accounted for in the strength of materials analysis in calculating (Pc -PD ) and M, equations (2) and (3) respectively. This procedure will be discussed further in the next section.
Strain Energy Release Rate
The virtual crack closure method (ref. 
In the results and discussion section it will be shown that for high loads or long delaminatlon lengths, GI is zero, i.e., the crack tip closes in the normal direction.
To prevent the crack faces from overlapping (analytically) requires the addition of multipoint constraints on the crack face nodes. Conceptually, the crack face nodes are connected in the direction normal to the crack face by infinitesimal springs. These springs have infinite stiffness in compression and zero stiffness in tension.
To determine whether to select zero ' or infinite stiffness requires solution of a nonlinear contact problem. To include the contact problem directly in the superposition analysis would severely complicate the otherwise simple equations. Therefore, use of a noncontact analysis to approximate GII was investigated.
A laminate with 2a = 76.2 mmwas analyzed using two different approaches.
First contact forces were ignored (i.e., overlap of crack faces was allowed).
GI and GII were calculated using equation (5) . In the second approach, overlap of the crack faces was prevented, which is more realistic. GII was calculated using equation ( The sum of these values is within approximately1.5 percent of the more realisticsolution,i.e., GII = 413 J/m2. Apparentlythe crack-facecontact forces do not significantlyalter the total strain energy release rate. Hence, when there is crack tip closure, the total strain energy release rate from the non-contactanalysis can be used to approximateGII (whichis then the total strain energy release rate, since GI is identicallyzero).
Finite ElementModel
A typical finite elementmesh for the nonlinearanalysis is shown in 
Plane strain (i.e., £z = 0) and Exz = 0 were imposed to calculate the 2D
properties.
In regions where coarse finite elements spanned several plies, laminate theory was used to obtain average properties. 
RESULTS AND DISCUSSION
First, the accuracy of the approximate superposition analysis will he evaluated. Then the effect of various parameters on GI and GII will be considered. Finally, the experimental observations will be compared with the analytical results.
Evaluation of Approximate Superposition Analysis
The approximate superposition analysis was evaluated by comparison with results from a geometrically nonlinear finite element analysis.
Recall that a major assumption in the approximate analysis was that the strains vary linearly through the thickness where (Pc -PD ) and M are applied. By using (Pc -PD ) and M from the geometrically nonlinear finite element analysis, the effect of nonlinear variation of the strains can be examined. Figure 5 shows that this effect is small. ii A direct test of the approximate analysis for predicting trends is to use it to coalesce the curves in figure 6 into a single curve.
Equations (2) and (3) show that (Pc -PD ) and M can be expressed as functions of 6. Hence, from equations (5), GI and GII are functions of 6. Equations (i), (2),
, and (5) show that for constant _, PT varies as a-2 and G I and GII -4 a4Gi a2PT vary as a . Hence, plotting vs should coalesce the curves for various delamination lengths. Figure 7 shows that the data for five delamination lengths (including those in fig. 6 ) do coalesce into a narrow band around a single curve.
Since the peak values of GI for various lengths differ by more than two orders of magnitude, the closeness of the fit suggests the approximate analysis is accurate for predicting trends. Therefore, all results that follow are obtained with the approximate superposition analysis. immediately.
An advantage of the superposition analysis is that it allows a problem to be dissected. In particular, one can determine the relative importance of the loads (Pc -PD ) and M on G I and GII. Figures 8 and 9 show GI and GII calculated by using M alone and by using (Pc -PD ) and M in combination.
Although intuition might suggest that only the peeling action caused by the moment M has a significant effect on GI, figure 8 shows that (Pc -PD )
contributions cannot be ignored. Figure 9 shows that both (Pc -PD ) and M are also important when calculating GII.
Parametric Study
The effects of several parameters on G I and GII were examined using the approximate superposition analysis. The parameters were initial waviness, delamlnationlength,applied load, and the ratloof axial to bending stiffness for the buckled region.
Initial imperfectionsin the form of simple sinusoldalwaviness were assumed (eq. (6))
where v(x) = Distortion in the y direction. When a column is initially wavy, bifurcationbuckling does not occur. As soon as load is applied, the column begins to deflect laterally,which causes interlaminarstresses. Hence, GI and GII are nonzero as soon as load is applied. If 6o = O, GI and GII are zero until buckling occurs. However, figure 10 shows that the peak value of GI is significantlyreduced, even for very small imperfections. In contrast,figure ii shows that GII is hardly affectedby initialwaviness.
Figures 6, 12, and 13 show the effect of delamlnationlength on GI and GII. The shorterdelaminatlonshave the larger values of peak GI (i.e., GI) ( fig. 6 ). However, for the longer delamlnations GI becomes nonzero at lower loads. Figure 12 shows that after only a little delaminationgrowth, GI reaches a peak and decreasesrapidlywith further growth. At 2a = 40-50 mm, the crack tip closes in the normal directionand GI is identicallyzero.
Further delaminationgrowth causes compressivenormal stresses to develop at the crack tip. In contrast,GII initiallyincreasesthen decreasesonly slightly to a constantvalue with increaseddelaminatlonlength ( fig. 13 ).
"
Note that GII is typlcallymuch larger than GI. Equations (2), (3), (5), and (7) --=--
SD 12
Hence, the applied load which causes buckling is independentof the material 
Comparisonof Analysis and FatigueData
The roles of GI and GII in delaminationgrowth were investigatedby comparing calculatedvalues of GI and GII with measured growth rates. Next a growth criterion was considered which includes both GI and GII.
If we assume there is no synergistic interaction of GI and GII (i.e., the effects are separable), then
where fl and f2 are functions of GI and GII respectively.
From the double cantilever beam data just discussed, we know that fl ( da GIIS) Since GI decreases is extremely sensitive to G I i.e., d--N = " rapidly with increasing "a", fl must also decrease extremely fast as "a"
increases.
In fact, fl would not contribute noticeably to da/dN after the initial growth. Hence delaminationgrowth appears to be driven by GII alone. Accordingly, it was assumedthat the growth criterion should be i evaluated when GII is maximum, i.e., at peak load. However, earlier it !was shown that for long delaminations the crack tip closes and produces compressive o s=resses when the cyclic load is maximum. The compressive Y stress probably reduces the effect of GII on delamination growth, but it was not clear how to account for this stress. Two approaches were tried: If we select a function fl that becomes negative when the crack tip closes, then we (analytically) allow compressive normal stresses at the crack tip to retard delamination growth due to GII. Since the compressive crack tip stresses increase as the delaminatlon grows, such a function f would predict 1 a decrease in growth rate with increased delamlnation length. Although this prediction agrees with the data trend in figure 15 , more tests are needed to verifyor disprovethis interpretation.
Despite the complexity of the growth behavior, two trends were clear: _ (i) high growth rates were observed only when GI was large, and (2) slow growth was observed even when GI was negligibly small; apparently, GII alone can drive delamination growth.
CONCLUSIONS
Analysis and experiments were used to study instability-related delamination growth in a fatigue specimen with a through-width delamination.
To perform the analysis an approximate superposition analysis was developed. The analysis expresses GI and GII in closed form, which can be used easily to determine the effects of various parameters. The analysis agreed very well with more rigorous solutions.
The response of the delaminated laminate to applied loads was found to be very complex. Key observations are listed below.
(I) GII is generally much larger than GI.
(2) GI and GII usually reach their peak magnitudes at different points in a fatigue cycle. GII always reaches its peak value at maximum load.
(3) High delamination growth rates were accompanied by large values of G I.
(4) Slow growth rates were observed even when G I was negligibly small.
This growth apparently was due to a large value of GII. To describe the nonlinear behavior of region D, equations (A2) and (A3) for post-buckling of a column were used.
•_2D 
